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Abstract
In most non-perturbative methods in hadron physics the calculations are started with
a correlation function in terms of some interpolating and transition currents in x-space.
For simplicity, the calculations are then transformed to the momentum space by a Fourier
transformation. To suppress the contributions of the higher states and continuum; and
enhance the ground state contribution, Borel transformation as well as continuum sub-
traction are applied by the help of quark-hadron duality assumption. In the present study
we work out the mathematics required for these processes in the case of light and multi-
heavy hadrons. We address a well-known problem in subtraction of the effects of the
higher states and continuum and discuss how we find finite results without any divergence
by using an appropriate representation of the modified Bessel functions, appearing in the
heavy quark propagator, and successive applications of the Borel transformations, which
lead to more suppression of the higher states and continuum contributions. The results
obtained can be used in determination of the spectroscopic and decay properties of the
multi-heavy standard and non-conventional (exotic) systems in many non-perturbative
methods, specially the QCD sum rules.
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1 Introduction
The traditional mesons and baryons as strong bound states of quarks and gluons are repre-
sented as the standard qq¯ and qqq states in terms of the valence quarks. There have been
made good progresses on identification and determination of many spectroscopic and decay
properties of theses standard hadrons both experimentally and theoretically (for more in-
formation see for instance [1–4] and references therein). Indeed, many ground and higher
states at different light and heavy channels have been discovered in the experiment. Roughly,
all the light and heavy ground states mesons predicted by the quark model, have been ob-
served. Besides, all the light and single charmed ground state baryons together with some
excited states have been detected by different experiments, as well. In the case of heavy
b-baryons, except the Ω∗b baryon with spin-
3
2 , all single heavy baryons have been seen. For
the standard baryons with two or three heavy quarks, however, only the Ξcc has been dis-
covered. For the first time, its existence was reported by SELEX collaboration [5, 6], but
it was not been later confirmed by other groups. Recently, the LHCb collaboration has re-
ported the observation of doubly heavy baryon Ξ++cc via the decay mode Λ
+
c K
−π+π with mass
3621.40 ± 0.72(stat.)± 0.27(syst.)± 0.14(Λ+c ) MeV/c2 [7].
Neither the quark model, nor the QCD as the theory of the strong interaction do not ex-
clude the existence of the strong bound states out of the traditional qq¯ and qqq systems [8–12].
The existence of such non-conventional (exotic) states were predicted by Jaffe [8,13]. Although
they had been predicted more than forty years ago, the experimental searches had ended up
in null results up to 2003, when the Belle Collaboration discovered the famous X(3872) in the
π+π−j/ψ invariant mass distribution from B± → K±π+π−J/ψ decays [14]. This discovery
had stimulated the experimental and theoretical investigations of the exotic states such that
a plenty of tetraquarks were discovered by different experimental collaborations.
Motivated by these progresses, in 2015, the LHCb Collaboration announced the obser-
vation of two pentaquark states P+c (4380) and P
+
c (4450) in the J/ψp spectrum of Λb →
J/ψ p K− process [15]. After discovery of the exotic states, many theoretical and experi-
mental efforts have been devoted to the determination of the internal structure of these new
objects. Despite a lot of studies, unfortunately, the nature and structure of most of exotic
states remain unclear. The studies predict a hidden charm/bottom structure together with
two or three light quarks for the tetraquark or pentaquark states newly discovered by ex-
periments. However, there are many contradictory suggestions on the quark organizations
of these states in the literature (for more information see for example [16–18] and references
therein). Hence, we need more study on the spectroscopic and decay properties of the newly
founded exotic and heavy baryonic states.
Up to now, studies of hadrons with light and one heavy quark have well covered (see
for instance Refs. [18–31] and references therein) but investigations of hadrons with two or
more heavy flavour quarks are still rare (see for example Refs. [32–36, 38–41] and references
therein). In order to study the properties of heavy systems containing more heavy quarks
using some non-perturbative methods, especially the QCD sum rules, we should develop the
mathematics of heavy and light systems with more quarks. The situation in calculations of
the spectroscopic parameters of such states and corresponding mathematics is better. Indeed,
in [32–36], the mathematics required for performing the Fourier and Borel transformations
as well as the continuum subtraction related to the spectroscopic parameters of the doubly
and triply heavy baryons has been well worked out. We present the mathematics required
to calculate all physical properties of the baryons with two-five heavy quarks, especially their
electromagnetic and strong decays and their interactions with other particles. A special case
of these baryons with full b quarks and without light quarks are called beauty-full states (see
for instance [37]). We use the phrase “ beautiful mathematics” in the title of the manuscript
to insist that the results are finite and the calculations do not include any divergence.
Similar calculations for the light and single heavy systems had been done for interaction
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with photon (q2 = 0) in Ref. [42] and in the case of single heavy baryons with q2 6= 0
in Ref. [22]. We extend these calculations to study the heavy systems containing two-five
heavy quarks for all values of the transferred momentum squared. For reader we repeat the
calculations done in Refs. [22, 42] for the light and heavy systems to give an idea about the
calculations for simple systems.
This article is structured in the following way. Section 2 is devoted to developing the
mathematics of the light and heavy systems, each of them is explained in details in separate
sub-sections. In section 3 we present the concluding remarks.
2 Mathematics for light and heavy systems
As we previously mentioned, in many non-perturbative methods, especially the QCD sum rules
(traditional SVZ and light cone QCD [43, 44]), in order to calculate the physical parameters
of hadrons as strong bound states of quarks and gluons, we start with a basic object called
correlation function. This function is expressed in terms of time ordering product of some
interpolating or transition currents in coordinate space. As an example let us consider the
strong interaction of doubly heavy spin-1/2 baryons with light pseudoscalar mesons. The
light-cone correlation function responsible for such vertices can be written as
Π = i
∫
d4xeipx 〈P(q)|T {η(x)η¯(0)} |0〉 , (1)
where P(q) denotes the pseudoscalar mesons of momentum q. In light-cone QCD sum rules we
use the distribution amplitudes (DAs) of these mesons expanded in terms of wave functions
having different twists (for details about DAs of the pseudoscalar particles please see the
Appendix). In Eq. (1) η represents the interpolating currents of the doubly heavy baryons.
It is given as
ηS =
1√
2
ǫabc
{
(QaTCqb)γ5Q
′c + (Q′aTCqb)γ5Q
c + β(QaTCγ5q
b)Q′c + β(Q′aTCγ5q
b)Qc
}
,
ηA =
1√
6
ǫabc
{
2(QaTCQ′b)γ5q
c + (QaTCqb)γ5Q
′c − (Q′aTCqb)γ5Qc + 2β(QaTCγ5Q′b)qc
+ β(QaTCγ5q
b)Q′c − β(Q′aTCγ5qb)Qc
}
, (2)
where S and A respectively represent the symmetric and anti-symmetric parts, β is a mixing
parameter with β = −1 corresponding to the famous Ioffe current, C is charge conjugation
operator; and a, b, and c are the color indices. Here Q/Q′ and q correspond to the heavy and
light quarks fields, respectively. The interpolating current with the u or d quark corresponds
to the ΞQQq, but with s indicates the ΩQQq baryons, respectively. Note that in the symmetric
part, both heavy quarks can be identical or different, but in the anti-symmetric part two
heavy quarks should be different. After insertion of the above currents into the correlation
function and contracting out the quark-pairs using the Wick’s theorem, we get a result in
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terms of the heavy and light quarks’ propagators. For instance for the symmetric part we get
ΠS = iAǫabcǫa′b′c′
∫
d4xeipx〈P(q) |
{
− γ5Scb′Q S′ba
′
q S
ac′
Q′ γ5 − γ5Scb
′
Q′ S
′ba′
q S
ac′
Q γ5
+ γ5S
cc′
Q′ γ5Tr
[
Sab
′
Q S
′ba′
q
]
+ γ5S
cc′
Q γ5Tr
[
Sab
′
Q′ S
′ba′
q
]
+ β
(
− γ5Scb′Q γ5S′ba
′
q S
ac′
Q′ − γ5Scb
′
Q′ γ5S
′ba′
q S
ac′
Q − Scb
′
Q S
′ba′
q γ5S
ac′
Q′ γ5
− Scb′Q′ S′ba
′
q γ5S
ac′
Q γ5 + γ5S
cc′
Q′ Tr
[
Sab
′
Q γ5S
′ba′
q
]
+ Scc
′
Q′ γ5Tr
[
Sab
′
Q S
′ba′
q γ5
]
+ γ5S
cc′
Q Tr
[
Sab
′
Q′ γ5S
′ba′
q
]
+ Scc
′
Q γ5Tr
[
Sab
′
Q′ S
′ba′
q γ5
])
+ β2
(
− Scb′Q γ5S′ba
′
q γ5S
ac′
Q′ − Scb
′
Q′ γ5S
′ba′
q γ5S
ac′
Q
+ Scc
′
Q′ Tr
[
Sba
′
q γ5S
′ab′
Q γ5
]
+ Scc
′
Q Tr
[
Sba
′
q γ5S
′ab′
Q′ γ5
])}
| 0〉, (3)
where S′ = CSTC, with S being the heavy or light quark propagator, and A is normalization
constant. To proceed, we need to know the explicit expressions of the light and heavy quark
propagators in x-space. They are given as [18,45–47]
Sq(x) =
i/x
2π2x4
− mq
4π2x2
− 〈q¯q〉
12
(
1− imq
4
/x
)
− x
2
192
m20〈q¯q〉
(
1− imq
6
/x
)
−igs
∫ 1
0
du
[
/x
16π2x2
Gµν(ux)σµν − i
4π2x2
uxµGµν(ux)γ
ν
−i mq
32π2
Gµν(ux)σ
µν
(
ln
(−x2Λ2
4
)
+ 2γE
)]
, (4)
and
SQ(x) =
m2Q
4π2
K1(mQ
√−x2)√−x2 − i
m2Q/x
4π2x2
K2(mQ
√
−x2)
−igs
∫
d4k
(2π)4
e−ikx
∫ 1
0
du
[
/k +mQ
2(m2Q − k2)2
Gµν(ux)σµν
+
u
m2Q − k2
xµG
µν(ux)γν
]
, (5)
where γE is the Euler constant, Gµν is the gluon field strength tensor, Λ is the scale parameter
and Kν in the heavy propagator denote the Bessel functions of the second kind. By inserting
the explicit expressions of the heavy and light propagators we end up with an expression in
coordinate space that we need to transfer it to the momentum space in order to make the
calculations easy and ready for the application of the Borel transformation as well as the
continuum subtraction to enhance the ground state pole contribution and suppress the effects
of the higher state and continuum. In the case of heavy systems with more than one heavy
quarks, using the integral representation of the Bessel functions of the second kind, appearing
in the heavy quark propagator in the form
Kν
(
mQ
√−x2
)
(√−x2)υ = 12
∫ ∞
0
dt
tν+1
exp
[
−mQ
2
(
t− x
2
t
)]
, (6)
in Minkowski space with mQ being the heavy quark mass, leads to a well-known problem
and we end up with indeterminate results in the calculations of the continuum subtraction
(for details see the Appendix C of the Ref. [48]). By choosing an appropriate representation
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of the Bessel functions and applying successive Borel transformations with the aim of more
suppressing the unwanted contributions, we show how we obtain a finite result for systems of
multi-heavy quarks. In the following, we present the mathematics required for these processes
in the light, single heavy, doubly heavy, triple heavy, four heavy and five heavy systems.
Note that we will use the free parts of the quark propagators to present the calculations,
however, the applied method is also valid when we include the interacting parts of the quark
propagators. The interacting parts of the heavy quark propagator can also be written in terms
of the modified Bessel functions [18].
2.1 Light systems
In the following, we study the mathematics required for investigation of the light hadrons
containing the light (u, d, s) quarks and their interaction with the photon and other particles.
Inserting the light quarks’ propagators into the expression obtained after contracting out
the quark pairs in the correlation functions in many non-perturbative methods, we get the
following generic expression in x-space:
T0(p, q) =
∫ 1
0
du
∫
d4x eiP.xf(u)
1
(−x2)n , (7)
where P = p+ uq with uq coming from distribution amplitudes of the on-shell state, u is the
momentum fraction and f(u) is a general function. In the following for simplicity we omit
the dependence of T0 function on p and q. We perform a Wick rotation to go the Euclidean
space
T0 = −i
∫ 1
0
du
∫
d4x e−iP.x f(u)
1
(x2)n
. (8)
Now we use the Schwinger parametrization
1
An
=
1
Γ(n)
∫ ∞
0
dt tn−1e−tA A > 0, (9)
and get
T0 =
−i
Γ(n)
∫ 1
0
du
∫
d4x f(u)
∫ ∞
0
dt e−iP.xe−tx
2
tn−1. (10)
The next step is to make the power of the exponential full-squared and perform the
resultant Gaussian integral over four x using∫
d4x e−iP.xe−tx
2
= (
π
t
)2e
−P2
4t . (11)
This leads to
T0 =
−i
Γ(n)
∫ 1
0
du f(u)
∫ ∞
0
dt e
−P2
4t (
π
t
)2tn−1. (12)
Using the double Borel transformation with respect to (p+ q)2 and p2 by the help of
BM1BM2e
−P2
4t = δ(
1
M21
− u
4t
)δ(
1
M22
− u¯
4t
)e
q2
M2
1
+M2
2 , (13)
and performing the u and t integration, one obtains
BM1BM2T0 =
−i42−nπ2
Γ(n)
f(u0)(M
2)ne
q2
M2
1
+M2
2 , (14)
where u0 =
M22
M21+M
2
2
and M2 =
M21M
2
2
M21+M
2
2
.
4
Spectral representation and continuum subtraction for light systems
Our aim is to write the T0 function in terms of a double dispersion integral
T0
(
(p + q)2, p2
)
=
∫ ∞
0
ds1
∫ ∞
0
ds2
ρ0(s1, s2)
[s1 − (p + q)2][s2 − p2] , (15)
and find the spectral density ρ0(s1, s2). The final goal is the application of continuum sub-
traction in order to more suppress the contributions of higher states and continuum. The
double Borel transformed form of the T0 function is written as
T0(M
2
1 ,M
2
2 ) =
∫ ∞
0
ds1
∫ ∞
0
ds2ρ0(s1, s2)e
−
s1
M2
1 e
−
s2
M2
2 . (16)
Now, let us discuss how contributions of the continuum and higher states are subtracted and
the spectral density ρ0(s1, s2) is obtained. To this end, we consider a generic term of the form
Π0 = (M
2)nf(u0). (17)
The first step is to expand f(u0) as
f(u0) =
∑
k
aku
k
0. (18)
As a result we get
Π0 =
(
M21M
2
2
M21 +M
2
2
)n∑
k
ak
(
M22
M21 +M
2
2
)k
. (19)
Introducing new variables, σi =
1
M2i
, we have
Π0 =
∑
k
ak
σk1
(σ1 + σ2)n+k
=
∑
k
ak
σk1
Γ(n+ k)
∫ ∞
0
dt e−t(σ1+σ2)tn+k−1. (20)
Applying double Borel transformation with respect to σ1 → 1τ1 and σ2 → 1τ2 , we obtain
the spectral density as
B1/τ1B1/τ2Π0 =
∑
k
ak
(−1)k
Γ(n+ k)
∫ ∞
0
dt tn+k−1
(
(
d
dt
)kδ(τ1 − t)
)
δ(τ1 − t). (21)
We define the spectral density ρ0(s1, s2) = B1/τ1B1/τ2Π0 with τ1 → s1 and τ2 → s2. Hence,
ρ0(s1, s2) =
∑
k
ak
(−1)k
Γ(n+ k)
∫ ∞
0
dt tn+k−1
(
(
d
dt
)kδ(s1 − t)
)
δ(s2 − t). (22)
Performing integration over t, finally, we obtain the following expression for the double
spectral density:
ρ0(s1, s2) =
∑
k
ak
(−1)k
Γ(n+ k)
sn+k−11 δ
k(s2 − s1), (23)
5
where δk(x) = d
k
dxk
δ(x). Using this spectral density, the continuum subtracted correlation
function in the Borel scheme corresponding to the considered term can be written as:
Πsub0 (M
2
1 ,M
2
2 ) =
∫ s1
0
ds1
∫ s2
0
ds2 ρ(s1, s2)e
−s1/M21 e−s2/M
2
2 , (24)
where “sub” stands for subtracted. Defining new variables, s1 = sv and s2 = s(1− v), we get
Πsub0 (M
2
1 ,M
2
2 ) =
∫ s0
0
ds
∫ 1
0
dv ρ(s1, s2)se
−sv/M21 e−s(1−v)/M
2
2 . (25)
Finally, using the expression for the spectral density, one can get
Πsub0 (M
2
1 ,M
2
2 ) =
∑
k
ak
(−1)k
Γ(n+ k)
∫ s0
0
ds
sn−1
2
(
d
dv
)k
[
vn+k−1e−sv/M
2
1 e−s(1−v)/M
2
2
]
v=1/2
.
(26)
2.2 Systems with one heavy quark
In the following, we study the hadrons containing a single heavy quark with some light quarks.
Let us consider the following generic term:
T1 =
∫ 1
0
du
∫
d4x eiP.x f(u)
Kν(mQ
√−x2)
(
√−x2)n , (27)
wheremQ is the mass of heavy quark andKν is the modified Bessel function of the second kind
in order ν. The Kν function comes from the x-representation of the heavy quark propagator.
Using the following integral representation of the modified Bessel function
Kν(mQ
√
−x2) = Γ(ν + 1/2) 2
ν
√
πmνQ
∫ ∞
0
dt cos(mQt)
(
√−x2)ν
(t2 − x2)ν+1/2 , (28)
we have
T1 =
Γ(ν + 1/2) 2ν√
πmνQ
∫ 1
0
du
∫
d4x eiP.x f(u)
∫ ∞
0
dt
cos(mQt)
(t2 − x2)ν+1/2(x2)n−ν2
. (29)
We perform a Wick rotation to go to the Euclidean space
T1 =
Γ(ν + 1/2) 2ν√
πmνQ
∫ 1
0
du
∫
d4x (−i)e−iP.x f(u)
∫ ∞
0
dt
cos(mQt)
(t2 + x2)ν+1/2(x2)
n−ν
2
. (30)
Using the identify
1
An
=
1
Γ(n)
∫ ∞
0
dt tn−1e−tA A > 0, (31)
Eq. (30) can be reformulated as
T1 =
2ν(−i)
Γ(n−ν2 )
√
πmνQ
∫ 1
0
du
∫
d4x e−iP.x f(u)
×
∫ ∞
0
dt
∫ ∞
0
dy
∫ ∞
0
dv vν−
1
2 e−v(x
2+t2)y
n−ν
2
−1e−y(x
2) cos(mQt).
(32)
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In the next step, we performe the Gaussian integral over four-x and t∫
d4x e−iP.xe−vx
2
e−yx
2
= (
π
y + v
)2e
−P2
4(y+v) , (33)
and ∫ ∞
0
dt cos(mt) e−vt
2
=
e
−m2
4v
√
π
2
√
v
. (34)
As a result, we get:
T1 =
2ν−1π2(−i)
Γ(n−ν2 )m
ν
Q
∫ 1
0
du f(u)
∫ ∞
0
dy
∫ ∞
0
dv
e
−m2
4v vν−1y
n−ν
2
−1e
−P2
4(y+v)
(v + y)2
. (35)
We introduce the new variables ρ and λ, defined by
ρ = v + y, λ =
y
v + y
, (36)
which leads to
T1 =
2ν−1π2(−i)
Γ(n−ν2 )m
ν
Q
∫ 1
0
du f(u)
∫ ∞
0
dρ
∫ 1
0
dλ e
−m2
4ρ(1−λ)ρ
n+ν
2
−3(1− λ)ν−1λn−ν2 −1e−P
2
4ρ . (37)
Using the Borel transformation of the exponential
BM1BM2e
−P2
4ρ = δ(
1
M21
− u
4ρ
)δ(
1
M22
− u¯
4ρ
)e
q2
M21+M
2
2 , (38)
and performing the u and ρ integrals, one obtain
BM1BM2T1 = −i
22−nπ2
mνQ
f(u0)(M
2)
ν+n
2
∫ 1
0
dλ
e
−m2
M2(1−λ) (1− λ)ν−1λn−ν2 −1
Γ(n−ν2 )
e
q2
M2
1
+M2
2 , (39)
where u0 =
M22
M21+M
2
2
and M2 =
M21M
2
2
M21+M
2
2
. By replacing λ = x2, we get
BM1BM2T1 = −i
22−nπ2
mνQ
f(u0)(M
2)
ν+n
2 e
q2
M2
1
+M2
2
∫ 1
0
dx
e
−m2
M2(1−x2) (1− x2)ν−1xn−ν−1
Γ(n−ν2 )
.(40)
In the last step, we change the variable 1
1−x2
→ t and we get
BM1BM2T1 = −i
22−nπ2
mνQ
f(u0)(M
2)
ν+n
2 e
q2
M2
1
+M2
2 ψ(α, β,
m2Q
M2
), (41)
where
ψ(α, β,
m2Q
M2
) =
1
Γ(α)
∫ ∞
1
dte−t
m2
Q
M2 tβ−α−1(t− 1)α−1, (42)
with α = n−ν2 and β = 1− ν.
7
Spectral representation and continuum subtraction for systems containing
one heavy quark
Now, let us discuss how contribution of the continuum and higher states are subtracted. As
is obvious from Eq. (41), the generic term has the form
Π1 = C(M2)
ν+n
2 f(u0)ψ(α, β,
m2Q
M2
), (43)
where
C = −i2
2−nπ2
mνQ
. (44)
The first step again is to expand f(u0) as
f(u0) =
∑
k
aku
k
0. (45)
As a result we get
Π1 = C
(
M21M
2
2
M21 +M
2
2
) ν+n
2 ∑
k
ak
(
M22
M21 +M
2
2
)k
1
Γ(α)
∫ ∞
1
dte−t
m2
Q
M2 tβ−α−1(t− 1)α−1. (46)
Introducing new variables, σi =
1
M2i
, we have
Π1 = C
∑
k
ak
σk1
(σ1 + σ2)
ν+n
2
+k
1
Γ(α)
∫ ∞
1
dt e−tm
2
Q(σ1+σ2)tβ−α−1(t− 1)α−1
= C
∑
k
ak
σk1
Γ(ν+n2 + k)Γ(α)
∫ ∞
1
dt e−tm
2
Q
(σ1+σ2)tβ−α−1(t− 1)α−1
∫ ∞
0
dle−l(σ1+σ2)l
ν+n
2
+k−1
= C
∑
k
ak
σk1
Γ(ν+n2 + k)Γ(α)
∫ ∞
1
dt tβ−α−1(t− 1)α−1
∫ ∞
0
dll
ν+n
2
+k−1e−(l+tm
2
Q
)(σ1+σ2)
= C
∑
k
ak
(−1)k
Γ(ν+n2 + k)Γ(α)
∫ ∞
1
dt tβ−α−1(t− 1)α−1
×
∫ ∞
0
dl l
ν+n
2
+k−1
(
(
d
dl
)k e−(l+tm
2
Q
)σ1
)
e−(l+tm
2
Q
)σ2 .
(47)
Applying double Borel transformation with respect to σ1 → 1τ1 and σ2 → 1τ2 , we obtain
B1/τ1B1/τ2Π1 = C
∑
k
ak
(−1)k
Γ(ν+n2 + k)Γ(α)
∫ ∞
1
dt tβ−α−1(t− 1)α−1
∫ ∞
0
dl l
ν+n
2
+k−1
×
(
(
d
dl
)kδ(τ1 − (l + tm2Q))
)
δ(τ2 − (l + tm2Q)). (48)
The double spectral density ρ1(s1, s2) is found by replacing τ1 → s1 and τ2 → s2 in the
expression as
ρ1(s1, s2) = C
∑
k
ak
(−1)k
Γ(ν+n2 + k)Γ(α)
∫ ∞
1
dt tβ−α−1(t− 1)α−1
∫ ∞
0
dl l
ν+n
2
+k−1
×
(
(
d
dl
)kδ(s1 − (l + tm2Q))
)
δ(s2 − (l + tm2Q)). (49)
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Performing the integration over l, finally we obtain the following expression for the double
spectral density:
ρ1(s1, s2) = C
∑
k
ak
(−1)k
Γ(ν+n2 + k)Γ(α)
∫ ∞
1
dt tβ−α−1(t− 1)α−1(s1 − tm2Q)
ν+n
2
+k−1
×
(
(
d
ds1
)kδ(s2 − s1)
)
θ(s1 − tm2Q), (50)
or
ρ1(s1, s2) = C
∑
k
ak
(−1)k
Γ(ν+n2 + k)Γ(α)
∫ s1/m2Q
1
dt tβ−α−1(t− 1)α−1(s1 − tm2Q)
ν+n
2
+k−1
×
(
(
d
ds1
)kδ(s2 − s1)
)
. (51)
Using this spectral density, the continuum subtracted correlation function in the Borel
scheme corresponding to the considered term can be written as:
Πsub(M21 ,M
2
2 ) =
∫ s0
m2
Q
ds1
∫ s0
m2
Q
ds2 ρ(s1, s2)e
−s1/M21 e−s2/M
2
2 . (52)
Defining new variables, s1 = 2sv and s2 = 2s(1 − v), we get
Πsub(M21 ,M
2
2 ) =
∫ s0
m2
Q
ds
∫ 1
0
dv ρ(s1, s2)(4s)e
−2sv/M21 e−2s(1−v)/M
2
2 . (53)
Using the expression for the spectral density, one can get
Πsub1 (M
2
1 ,M
2
2 ) = C
∑
k
ak
(−1)k
Γ(ν+n2 + k)Γ(α)
∫ s0
m2
Q
ds
∫ 1
0
dv
1
2ksk
(
(
d
dv
)kδ(v − 1/2)
)
×
∫ 2sv/m2Q
1
dt tβ−α−1(t− 1)α−1(2sv − tm2Q)
ν+n
2
+k−1e−2sv/M
2
1 e−2s(1−v)/M
2
2 .
(54)
By integrating by part over v, finally we obtain
Πsub1 (M
2
1 ,M
2
2 ) = −i
∑
k
ak
22−nπ2
mνQΓ(
ν+n
2 + k)Γ(α)
∫ s0
m2
Q
ds
1
2ksk
[
(
d
dv
)k
∫ 2sv/m2
Q
1
dt tβ−α−1(t− 1)α−1
× (2sv − tm2Q)
ν+n
2
+k−1e−2sv/M
2
1 e−2s(1−v)/M
2
2
]
v=1/2
.
(55)
2.3 Systems containing two heavy quarks
In the following, we study hadrons containing two heavy quarks and some light quarks. Let
us consider again the following generic term:
T2 =
∫ 1
0
du
∫
d4x eiP.x A(u)
Kν(m1Q
√−x2) Kµ(m2Q
√−x2)
(
√−x2)n , (56)
9
where miQ’s are the masses of heavy quarks and Kν and Kµ are the modified Bessel func-
tions of order ν and µ, respectively. Using the integral representation of the modified Bessel
functions from Eq. (28), we have
T2 =
Γ(ν + 1/2)Γ(µ + 1/2) 2µ+ν
πmν1Qm
µ
2Q
∫ 1
0
du
∫
d4x eiP.x A(u)
×
∫ ∞
0
dt2
∫ ∞
0
dt1
cos(m1Qt1) cos(m2Qt2)
(t21 − x2)ν+1/2(t22 − x2)µ+1/2(x2)
n−ν−µ
2
. (57)
We again perform a Wick rotation to go the Euclidean space
T2 = (−i)Γ(ν + 1/2)Γ(µ + 1/2) 2
µ+ν
πmν1Qm
µ
2Q
∫ 1
0
du
∫
d4x e−iP.x A(u)
×
∫ ∞
0
dt2
∫ ∞
0
dt1
cos(m1Qt1) cos(m2Qt2)
(t21 + x
2)ν+1/2(t22 + x
2)µ+1/2(x2)
n−ν−µ
2
. (58)
Using the Schwinger integral representation presented in Eq. (31), Eq. (58) can be refor-
mulated as
T2 = (−i) 2
µ+ν
πmν1Qm
µ
2QΓ(
n−ν−µ
2 )
∫ 1
0
du
∫
d4x e−iP.x A(u)
∫ ∞
0
dt2
∫ ∞
0
dt1 cos(m1Qt1) cos(m2Qt2)
×
∫ ∞
0
dy2
∫ ∞
0
dy1
∫ ∞
0
dy0 y
(n−ν−µ
2
)−1
0 e
−y0x2 y
ν− 1
2
1 e
−y1(x2+t21)y
µ− 1
2
2 e
−y2(x2+t22).
(59)
Performing the Gaussian integral over four-x, t1 and t2, we get
T2 = (−i) 2
µ+ν−2π2
mν1Qm
µ
2QΓ(
n−ν−µ
2 )
∫ 1
0
du A(u)
∫ ∞
0
dy0 y
(n−ν−µ
2
)−1
0
×
∫ ∞
0
dy2
∫ ∞
0
dy1
yν−11 e
−
m21Q
4y1 yµ−12 e
−
m22Q
4y2 e
−P2
4(y0+y1+y2)
(y0 + y1 + y2)2
.
(60)
Now we introduce the variables ρ, v and u, defined by
ρ = y0 + y1 + y2, v =
y1
y0 + y1 + y2
, w =
y2
y0 + y1 + y2
, (61)
which leads to
T2 = (−i) 2
µ+ν−2π2
mν1Qm
µ
2QΓ(
n−ν−µ
2 )
∫ 1
0
du A(u)
∫ 1
0
dw (ρ(1 − v − w))(n−ν−µ2 )−1
×
∫ ∞
0
dρ
∫ 1
0
dv (ρv)ν−1e
−
m21Q
4ρv (ρw)µ−1e
−
m22Q
4ρw e
−P2
4ρ .
(62)
Applying again the double Borel transformations with respect to (p + q)2 → M21 and
p2 → M22 and performing the integrals over the variables u and ρ, using the resultant Dirac
Deltas, we obtain
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BM1BM2T2 = (−i)
22−nπ2
mν1Qm
µ
2QΓ(
n−ν−µ
2 )
A(u0)(M
2)
n+ν+µ
2 e
q2
M2
1
+M2
2
∫ 1
0
dw
∫ 1
0
dv
× (1− v − w)(n−ν−µ2 )−1e−
m21Q
M2v vν−1e−
m22Q
M2w (w)µ−1. (63)
The new variables
v = z(1 − y), w = zy, (64)
change the above expression to
BM1BM2T2 = (−i)
22−nπ2
mν1Qm
µ
2QΓ(
n−ν−µ
2 )
A(u0)(M
2)
n+ν+µ
2 e
q2
M2
1
+M2
2
∫ 2
0
dz
∫ 1
0
dy
× zν+µ−1(1− z)(n−ν−µ2 )−1(1− y)ν−1yµ−1e−
m21Q
M2z(1−y) e
−
m22Q
M2zy . (65)
Spectral representation and continuum subtraction for systems containing
two heavy quarks
Now, let us discuss how contributions of the higher states and continuum are subtracted. We
consider again a generic term of the form
Π2 = C(M2)
n+ν+µ
2 A(u0)
∫ 2
0
dz
∫ 1
0
dy zν+µ−1(1− z)(n−ν−µ2 )−1
× (1− y)ν−1yµ−1e−
m21Q
M2z(1−y) e
−
m22Q
M2zy . (66)
where
C = (−i) 2
2−nπ2
mν1Qm
µ
2QΓ(
n−ν−µ
2 )
. (67)
The first step is to expand A(u0) as
A(u0) =
∑
k
aku
k
0. (68)
As a result we get
Π2 = C
(
M21M
2
2
M21 +M
2
2
)n+ν+µ
2 ∑
k
ak
(
M22
M21 +M
2
2
)k ∫ 2
0
dz
∫ 1
0
dy
× zν+µ−1(1− z)(n−ν−µ2 )−1(1− y)ν−1yµ−1e−
m21Q
M2z(1−y) e
−
m22Q
M2zy . (69)
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Introducing new variables, σi =
1
M2i
, we have
Π2 = C
∑
k
ak
σk1
(σ1 + σ2)
n+ν+µ
2
+k
∫ 2
0
dz
∫ 1
0
dy zν+µ−1(1− z)(n−ν−µ2 )−1
× (1− y)ν−1yµ−1e−
m21Q(σ1+σ2)
z(1−y) e−
m22Q(σ1+σ2)
zy
= C
∑
k
ak
σk1
Γ(n+ν+µ2 + k)
∫ 2
0
dz
∫ 1
0
dy zν+µ−1(1− z)(n−ν−µ2 )−1
× (1− y)ν−1yµ−1e−
m21Q(σ1+σ2)
z(1−y) e−
m22Q(σ1+σ2)
zy
∫ ∞
0
dle−l(σ1+σ2)l
n+ν+µ
2
+k−1
= C
∑
k
ak
σk1
Γ(n+ν+µ2 + k)
∫ 2
0
dz
∫ 1
0
dy zν+µ−1(1− z)(n−ν−µ2 )−1
× (1− y)ν−1yµ−1
∫ ∞
0
dl l
n+ν+µ
2
+k−1e
−(l+
m21Q
z(1−y)
+
m22Q
zy
)(σ1+σ2)
= C
∑
k
ak
(−1)k
Γ(n+ν+µ2 + k)
∫ 2
0
dz
∫ 1
0
dy zν+µ−1(1− z)(n−ν−µ2 )−1
(1− y)ν−1yµ−1
∫ ∞
0
dl l
n+ν+µ
2
+k−1
(
(
d
dl
)ke
−(l+
m21Q
z(1−y)
+
m22Q
zy
)σ1
)
e
−(l+
m21Q
z(1−y)
+
m22Q
zy
)σ2 .
(70)
Applying double Borel transformation with respect to σ1 → 1τ1 and σ2 → 1τ2 , we obtain
the spectral density
B1/τ1B1/τ2Π2 = C
∑
k
ak
(−1)k
Γ(n+ν+µ2 + k)
∫ 2
0
dz
∫ 1
0
dy zν+µ−1
× (1− z)(n−ν−µ2 )−1(1− y)ν−1yµ−1
∫ ∞
0
dll
n+ν+µ
2
+k−1
×
(
(
d
dl
)kδ(τ1 − (l +
m21Q
z(1 − y) +
m22Q
zy
)
)
δ(τ2 − (l +
m21Q
z(1− y) +
m22Q
zy
)),
(71)
where the spectral density ρ2(s1, s2) is found by τ1 → s1 and τ2 → s2 in this relation
ρ2(s1, s2) = C
∑
k
ak
(−1)k
Γ(n+ν+µ2 + k)
∫ 2
0
dz
∫ 1
0
dy zν+µ−1
× (1− z)(n−ν−µ2 )−1(1− y)ν−1yµ−1
∫ ∞
0
dll
n+ν+µ
2
+k−1
×
(
(
d
dl
)kδ(s1 − (l +
m21Q
z(1 − y) +
m22Q
zy
)
)
δ(s2 − (l +
m21Q
z(1− y) +
m22Q
zy
)).
(72)
Performing integration over l, finally we obtain the following expression for the double
12
spectral density:
ρ2(s1, s2) = C
∑
k
ak
(−1)k
Γ(n+ν+µ2 + k)
∫ 2
0
dz
∫ 1
0
dy zν+µ−1
× (1− z)(n−ν−µ2 )−1(1− y)ν−1yµ−1
(
s1 −
m21Q
z(1− y) −
m22Q
zy
)n+ν+µ
2
+k−1
× θ(s1 −
m21Q
z(1− y) −
m22Q
zy
)(
d
ds1
)kδ(s2 − s1).
(73)
If we look at the integrand out of the Step function θ, it diverges inside the bound of z.
However, this divergence is removed considering the step function coming from the successive
application of the double Borel transformations by modifying the limits of the integral over z
and removing the points leading to the divergences out of the boundaries. Hence, we get finite
results for the values of n, k, µ, and ν. Using this spectral density, the continuum subtracted
correlation function in the Borel scheme corresponding to the considered term can be written
as
Πsub2 (M
2
1 ,M
2
2 ) =
∫ s0
sL
ds1
∫ s0
sL
ds2 ρ(s1, s2)e
−s1/M21 e−s2/M
2
2 , (74)
where sL = (m1Q +m2Q)
2. Defining new variables, s1 = 2sv and s2 = 2s(1− v), we get
Πsub2 (M
2
1 ,M
2
2 ) =
∫ s0
sL
ds
∫ 1
0
dv ρ(s1, s2)(4s)e
−2sv/M21 e−2s(1−v)/M
2
2 . (75)
Using the expression for the spectral density, one can get
Πsub2 (M
2
1 ,M
2
2 ) = C
∑
k
ak
(−1)k
Γ(n+ν+µ2 + k)
∫ s0
sL
ds
∫ 1
0
dv
1
2ksk
(
(
d
dv
)kδ(v − 1/2)
)
×
∫ 2
0
dz
∫ 1
0
dy zν+µ−1(1− z)(n−ν−µ2 )−1(1− y)ν−1yµ−1
×
(
2sv − m
2
1Q
z(1− y) −
m22Q
zy
)n+ν+µ
2
+k−1
e−2sv/M
2
1 e−2s(1−v)/M
2
2
× θ(2sv − m
2
1Q
z(1− y) −
m22Q
zy
). (76)
Integrating over v, finally we obtain
Πsub2 (M
2
1 ,M
2
2 ) = (−i)
22−nπ2
mν1Qm
µ
2QΓ(
n−ν−µ
2 )
∑
k
ak
1
Γ(n+ν+µ2 + k)
×
∫ s0
sL
ds
1
2ksk
[
(
d
dv
)k
∫ 2
0
dz θ(2sv − m
2
1Q
z(1− y) −
m22Q
zy
)
×
∫ 1
0
dy zν+µ−1(1− z)(n−ν−µ2 )−1(1− y)ν−1yµ−1
× (2sv − m
2
1Q
z(1− y) −
m22Q
zy
)
n+ν+µ
2
+k−1e−2sv/M
2
1 e−2s(1−v)/M
2
2
]
v=1/2
. (77)
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2.4 Systems containing three heavy quarks
In the following, we study hadrons containing triple heavy quarks with some light quarks.
The general form of the correlation function in this case is
T3 =
∫ 1
0
du
∫
d4x eiP.x A(u)
Kν(m1Q
√−x2) Kµ(m2Q
√−x2) Kλ(m3Q
√−x2)
(
√−x2)n . (78)
Using the definition of the modified Bessel function from Eq. (28), we obtain
T3 =
Γ(ν + 1/2)Γ(µ + 1/2)Γ(λ + 1/2) 2µ+ν+λ
(π)3/2mν1Qm
µ
2Qm
λ
3Q
∫ 1
0
du
∫
d4x eiP.x A(u)
×
∫ ∞
0
dt3
∫ ∞
0
dt2
∫ ∞
0
dt1
cos(m1Qt1) cos(m2Qt2) cos(m3Qt3)
(t21 − x2)ν+1/2(t22 − x2)µ+1/2(t23 − x2)λ+1/2(−x2)
n−ν−µ−λ
2
,
(79)
where a Wick rotation and usage of the Schwinger integral representation leads to
T3 = (−i) 2
µ+ν+λ
(π)3/2mν1Qm
µ
2Qm
λ
3QΓ(
n−ν−µ−λ
2 )
∫ 1
0
du
∫
d4x e−iP.x A(u)
∫ ∞
0
dt3
∫ ∞
0
dt2
×
∫ ∞
0
dt1
∫ ∞
0
dy0
∫ ∞
0
dy3
∫ ∞
0
dy2
∫ ∞
0
dy1 y
ν− 1
2
1 e
−y1(x2+t21)y
µ− 1
2
2 e
−y2(x2+t22)
× yλ−
1
2
3 e
−y3(x2+t23)y
n−ν−µ−λ
2
−1
0 e
−y0x2 cos(m1Qt1) cos(m2Qt2) cos(m3Qt3).
(80)
Performing the ti’s and x-Gaussian integrals, we get
T3 = (−i) 2
µ+ν+λ−3π2
mν1Qm
µ
2Qm
λ
3QΓ(
n−ν−µ−λ
2 )
∫ 1
0
du A(u)
∫ ∞
0
dy0 y
n−ν−µ−λ
2
−1
0
×
∫ ∞
0
dy3
∫ ∞
0
dy2
∫ ∞
0
dy1
yν−11 e
−
m21Q
4y1 yµ−12 e
−
m22Q
4y2 yλ−13 e
−
m23Q
4y3 e
−P2
4(y0+y1+y2+y3)
(y0 + y1 + y2 + y3)2
.
(81)
We introduce the variables ρ, v, r and w defined by
ρ = y0 + y1 + y2 + y3, v =
y1
y0 + y1 + y2 + y3
, r =
y2
y0 + y1 + y2 + y3
,
w =
y3
y0 + y1 + y2 + y3
, (82)
which leads to
T3 = (−i) 2
µ+ν+λ−3π2
mν1Qm
µ
2Qm
λ
3QΓ(
n−ν−µ−λ
2 )
∫ 1
0
du A(u)
∫ 1
0
dw (ρ(1− v − r − w))n−ν−µ−λ2 −1
×
∫ ∞
0
ρdρ
∫ 1
0
dv
∫ 1
0
dr (ρv)ν−1e
−
m21Q
4ρv (ρr)µ−1e
−
m22Q
4ρr (ρw)λ−1e
−
m23Q
4ρw e
−P2
4ρ .
(83)
Now we apply the Borel transformation of the exponential e
−P2
4ρ , and perform the u and
14
ρ integrals. As a result we get
BM1BM2T3 = (−i)
21−nπ2
mν1Qm
µ
2Qm
λ
3QΓ(
n−ν−µ−λ
2 )
A(u0)(M
2)
n+ν+µ+λ
2 e
q2
M2
1
+M2
2
∫ 1
0
dw
∫ 1
0
dv
×
∫ 1
0
dr (1− v − r − w)n−ν−µ−λ2 −1vν−1e−
m21Q
M2v rµ−1e−
m22Q
M2r wλ−1e−
m33Q
M2w .
(84)
The variables x, y and z, defined by
v = zx(1− y), r = zxy, w = z(1 − x), (85)
help us end up in the final form of the double Borel transformed T function as
BM1BM2T3 = (−i)
21−nπ2
mν1Qm
µ
2Qm
λ
3QΓ(
n−ν−µ−λ
2 )
A(u0)(M
2)
n+ν+µ+λ
2 e
q2
M21+M
2
2
∫ 1
0
dx
∫ 1
0
dy
×
∫ 3
0
dz(1− z)n−ν−µ−λ2 −1zν+µ+λ−1xν+µ−1(1− x)λ−1(1− y)ν−1yµ−1
× e−
m21Q
M2zx(1−y) e
−
m22Q
M2zxy e
−
m23Q
M2z(1−x) . (86)
Spectral representation and continuum subtraction for systems containing
three heavy quarks
To suppress the contribution of the higher states and continuum in this case we consider a
general form as fallows
Π3 = C(M2)
n+ν+µ+λ
2 A(u0)
∫ 1
0
dx
∫ 1
0
dy
∫ 3
0
dz(1 − z)n−ν−µ−λ2 −1zν+µ+λ−1
× xν+µ−1(1− x)λ−1(1− y)ν−1yµ−1e−
m21Q
M2zx(1−y) e
−
m22Q
M2zxy e
−
m23Q
M2z(1−x) . (87)
where
C = (−i) 2
1−nπ2
mν1Qm
µ
2Qm
λ
3QΓ(
n−ν−µ−λ
2 )
(88)
Expressing A(u0) function in series, leads to
Π3 = C
(
M21M
2
2
M21 +M
2
2
)n+ν+µ+λ
2 ∑
k
ak
(
M22
M21 +M
2
2
)k ∫ 1
0
dx
∫ 1
0
dy
∫ 3
0
dz(1 − z)n−ν−µ−λ2 −1
× zν+µ+λ−1xν+µ−1(1− x)λ−1(1− y)ν−1yµ−1e−
m21Q
M2zx(1−y) e
−
m22Q
M2zxy e
−
m23Q
M2z(1−x) . (89)
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We introduce the new variables, σi =
1
M2i
, and rearrange the terms
Π3 = C
∑
k
ak
σk1
(σ1 + σ2)
n+ν+µ+λ
2
+k
∫ 1
0
dx
∫ 1
0
dy
∫ 3
0
dz(1− z)n−ν−µ−λ2 −1zν+µ+λ−1
× xν+µ−1(1− x)λ−1(1− y)ν−1yµ−1e−
m21Q(σ1+σ2)
zx(1−y) e−
m22Q(σ1+σ2)
zxy e
−
m23Q(σ1+σ2)
z(1−x)
= C
∑
k
ak
σk1
Γ(n+ν+µ+λ2 + k)
∫ 1
0
dx
∫ 1
0
dy
∫ 3
0
dz(1− z)n−ν−µ−λ2 −1zν+µ+λ−1
× xν+µ−1(1− x)λ−1(1− y)ν−1yµ−1e−
m21Q(σ1+σ2)
zx(1−y) e−
m22Q(σ1+σ2)
zxy e
−
m23Q(σ1+σ2)
z(1−x)
×
∫ ∞
0
dle−l(σ1+σ2)l
n+ν+µ+λ
2
+k−1
= C
∑
k
ak
σk1
Γ(n+ν+µ+λ2 + k)
∫ 1
0
dx
∫ 1
0
dy
∫ 3
0
dz(1− z)n−ν−µ−λ2 −1zν+µ+λ−1xν+µ−1(1− x)λ−1
×
∫ ∞
0
dll
n+ν+µ+λ
2
+k−1e
−(l+
m21Q
zx(1−y)
+
m22Q
zxy
+
m23Q
z(1−x)
)(σ1+σ2)(1− y)ν−1yµ−1
= C
∑
k
ak
(−1)k
Γ(n+ν+µ+λ2 + k)
∫ 1
0
dx
∫ 1
0
dy
∫ 3
0
dz(1− z)n−ν−µ−λ2 −1zν+µ+λ−1xν+µ−1(1− x)λ−1
×
∫ ∞
0
dl l
n+ν+µ+λ
2
+k−1
(
(
d
dl
)ke
−(l+
m21Q
zx(1−y)
+
m22Q
zxy
+
m23Q
z(1−x)
)σ1
)
× e−(l+
m21Q
zx(1−y)
+
m22Q
zxy
+
m23Q
z(1−x)
)σ2(1− y)ν−1yµ−1.
(90)
Applying double Borel transformation with respect to σ1 → 1τ1 and σ2 → 1τ2 , gives us
B1/τ1B1/τ2Π3 = C
∑
k
ak
(−1)k
Γ(n+ν+µ+λ2 + k)
∫ 1
0
dx
∫ 1
0
dy
∫ 3
0
dz(1− z)n−ν−µ−λ2 −1zν+µ+λ−1
× xν+µ−1(1− x)λ−1(1− y)ν−1yµ−1
∫ ∞
0
dl l
n+ν+µ+λ
2
+k−1
×
(
(
d
dl
)kδ(τ1 − (l +
m21Q
zx(1 − y) +
m22Q
zxy
+
m23Q
z(1 − x))
)
× δ
(
τ2 − (l +
m21Q
zx(1− y) +
m22Q
zxy
+
m23Q
z(1− x))
)
,
(91)
where the spectral density ρ3(s1, s2) is found from the same manner as the previous sections
as
ρ3(s1, s2) = C
∑
k
ak
(−1)k
Γ(n+ν+µ+λ2 + k)
∫ 1
0
dx
∫ 1
0
dy
∫ 3
0
dz(1 − z)n−ν−µ−λ2 −1zν+µ+λ−1
× xν+µ−1(1− x)λ−1(1− y)ν−1yµ−1
∫ ∞
0
dl l
n+ν+µ+λ
2
+k−1
×
(
(
d
dl
)kδ(s1 − (l +
m21Q
zx(1− y) +
m22Q
zxy
+
m23Q
z(1− x))
)
× δ
(
s2 − (l +
m21Q
zx(1 − y) +
m22Q
zxy
+
m23Q
z(1 − x))
)
.
(92)
16
Performing integration over l, finally we obtain the following expression for the double spectral
density:
ρ3(s1, s2) = C
∑
k
ak
(−1)k
Γ(n+ν+µ+λ2 + k)
∫ 1
0
dx
∫ 1
0
dy
∫ 3
0
dz(1 − z)n−ν−µ−λ2 −1zν+µ+λ−1xν+µ−1
× (1− x)λ−1(1− y)ν−1yµ−1
(
s1 −
m21Q
zx(1− y) −
m22Q
zxy
− m
2
3Q
z(1 − x)
)n+ν+µ+λ
2
+k−1
×
(
(
d
ds1
)kδ(s2 − s1)
)
θ
(
s1 −
m21Q
zx(1 − y) −
m22Q
zxy
− m
2
3Q
z(1 − x)
)
. (93)
Using this spectral density, the continuum subtracted correlation function in the Borel scheme
corresponding to the considered term can be written as:
Πsub3 (M
2
1 ,M
2
2 ) =
∫ s0
sL
ds1
∫ s0
sL
ds2 ρ(s1, s2)e
−s1/M21 e−s2/M
2
2 , (94)
where sL = (m1Q +m2Q +m3Q)
2. Defining new variables, s1 = 2sv and s2 = 2s(1 − v), we
get
Πsub3 (M
2
1 ,M
2
2 ) =
∫ s0
sL
ds
∫ 1
0
dv ρ(s1, s2)(4s)e
−2sv/M21 e−2s(1−v)/M
2
2 . (95)
Using the expression for the spectral density, one can get
Πsub3 (M
2
1 ,M
2
2 ) = C
∑
k
ak
(−1)k
Γ(n+ν+µ+λ2 + k)
∫ s0
sL
ds
∫ 1
0
dv
1
2ksk
(
(
d
dv
)kδ(v − 1/2)
)
×
∫ 1
0
dx
∫ 1
0
dy
∫ 3
0
dz(1 − z)n−ν−µ−λ2 −1zν+µ+λ−1xν+µ−1(1− x)λ−1
× (1− y)ν−1yµ−1
(
2sv − m
2
1Q
zx(1− y) −
m22Q
zxy
− m
2
3Q
z(1− x)
)n+ν+µ+λ
2
+k−1
× θ
(
2sv − m
2
1Q
zx(1− y) −
m22Q
zxy
− m
2
3Q
z(1 − x)
)
e−2sv/M
2
1 e−2s(1−v)/M
2
2 . (96)
Integrating over v, finally we obtain
Πsub3 (M
2
1 ,M
2
2 ) = (−i)
∑
k
ak
21−nπ2
mν1Qm
µ
2Qm
λ
3QΓ(
n−ν−µ−λ
2 )Γ(
n+ν+µ+λ
2 + k)
×
∫
ds
1
2ksk
[
(
d
dv
)ke−2sv/M
2
1 e−2s(1−v)/M
2
2
×
∫ 3
0
dz θ
(
2sv − m
2
1Q
zx(1− y) −
m22Q
zxy
− m
2
3Q
z(1− x)
)
×
∫ 1
0
dx
∫ 1
0
dy(1− z)n−ν−µ−λ2 −1zν+µ+λ−1xν+µ−1(1− x)λ−1(1− y)ν−1yµ−1
×
(
2sv − m
2
1Q
zx(1− y) −
m22Q
zxy
− m
2
3Q
z(1− x)
)n+ν+µ+λ
2
+k−1]
v=1/2
. (97)
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2.5 Systems containing four heavy quarks
In the following, we study hadrons containing four heavy and some light quarks. We start
with the generic term:
T4 =
∫ 1
0
du
∫
d4x eiP.x A(u)
Kν(m1Q
√−x2) Kµ(m2Q
√−x2) Kλ(m3Q
√−x2) Kη(m4Q
√−x2)
(
√−x2)n ,
(98)
where miQ are again the masses of the heavy quarks. We can rewrite Eq. (98) as
T4 =
Γ(ν + 1/2)Γ(µ + 1/2)Γ(λ + 1/2)Γ(η + 1/2) 2µ+ν+λ+η
(π)2mν1Qm
µ
2Qm
λ
3Qm
η
4Q
×
∫ 1
0
du
∫
d4x eiP.x A(u)
1
(−x2)n−µ−ν−λ−η2
∫ ∞
0
dt4
∫ ∞
0
dt3
∫ ∞
0
dt2
×
∫ ∞
0
dt1
cos(m1Qt1) cos(m2Qt2) cos(m3Qt3) cos(m4Qt4)
(t21 − x2)ν+1/2(t22 − x2)µ+1/2(t23 − x2)λ+1/2(t24 − x2)η+1/2
.
(99)
We perform a Wick rotation to go to the Euclidean space and use again the Schwinger
integral representation, we get
T4 =
(−i)2µ+ν+λ+η
(π)2mν1Qm
µ
2Qm
λ
3Qm
η
4QΓ(
n−ν−µ−λ−η
2 )
∫ 1
0
du
∫
d4x e−iP.x A(u)
∫ ∞
0
dt4
∫ ∞
0
dt3
∫ ∞
0
dt2
×
∫ ∞
0
dt1
∫ ∞
0
dy4
∫ ∞
0
dy3
∫ ∞
0
dy2
∫ ∞
0
dy1
∫ ∞
0
dy0 y
n−ν−µ−λ
2
−1
0 e
−y0x2
× yν−
1
2
1 e
−y1(x2+t21)y
µ− 1
2
2 e
−y2(x2+t22)y
λ− 1
2
3 e
−y3(x2+t23)y
η− 1
2
4 e
−y4(x2+t24)
× cos(m1Qt1) cos(m2Qt2) cos(m3Qt3) cos(m4Qt4).
(100)
The next step is to perform the Gaussian integral over four-x and integrals over parameters
ti. As a result, we get we get
T4 = (−i) 2
µ+ν+λ+η−4π2
mν1Qm
µ
2Qm
λ
3Qm
η
4QΓ(
n−ν−µ−λ−η
2 )
∫ 1
0
du A(u)
∫ ∞
0
dy0 y
n−ν−µ−λ−η
2
−1
0 e
−P2
4(y0+y1+y2+y3+y4)
×
∫ ∞
0
dy4
∫ ∞
0
dy3
∫ ∞
0
dy2
∫ ∞
0
dy1
yν−11 e
−
m21Q
4y1 yµ−12 e
−
m22Q
4y2 yλ−13 e
−
m23Q
4y3 yη−14 e
−
m24Q
4y4
(y0 + y1 + y2 + y3 + y4)2
. (101)
We introduce the new set of variable as
ρ = y0 + y1 + y2 + y3 + y4, v =
y1
y0 + y1 + y2 + y3 + y4
,
r =
y2
y0 + y1 + y2 + y3 + y4
, w =
y3
y0 + y1 + y2 + y3 + y4
,
l =
y4
y0 + y1 + y2 + y3 + y4
, (102)
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which leads to
T4 = (−i) 2
µ+ν+λ+η−4π2
mν1Qm
µ
2Qm
λ
3Qm
η
4QΓ(
n−ν−µ−λ−η
2 )
∫ 1
0
du A(u)
×
∫ 1
0
dw (ρ(1 − v − r − l − w))n−ν−µ−λ−η2 −1
∫ ∞
0
ρ2dρ
∫ 1
0
dv
∫ 1
0
dr
×
∫ 1
0
dl(ρv)ν−1e
−
m21Q
4ρv (ρr)µ−1e
−
m22Q
4ρr (ρw)λ−1e
−
m23Q
4ρw (ρl)η−1e
−
m24Q
4ρl e
−P2
4ρ .
(103)
Applying the double Borel transformation and performing integral over the parameters u
and ρ, we obtain
BM1BM2T4 = (−i)
2−nπ2
mν1Qm
µ
2Qm
λ
3Qm
η
4QΓ(
n−ν−µ−λ−η
2 )
A(u0)(M
2)
n+µ+ν+λ+η
2 e
q2
M2
1
+M2
2
×
∫ 1
0
dv
∫ 1
0
dr
∫ 1
0
dl
∫ 1
0
dw (1− v − r − l −w)n−ν−µ−λ−η2 −1
× vν−1e−
m21Q
M2v rµ−1e−
m22Q
M2r wλ−1e−
m23Q
M2w lη−1e−
m24Q
M2l .
(104)
For further simplifications, we introduce the variables x, y, z and t, defined by
v = zxt(1− y), r = zxyt, w = zt(1− x), l = z(1− t). (105)
Hence,
BM1BM2T4 = (−i)
2−nπ2
mν1Qm
µ
2Qm
λ
3Qm
η
4QΓ(
n−ν−µ−λ−η
2 )
A(u0)(M
2)
n+µ+ν+λ+η
2 e
q2
M2
1
+M2
2
×
∫ 4
0
dz
∫ 1
0
dx
∫ 1
0
dy
∫ 1
0
dt zν+µ+λ+η−1(1− z)n−ν−µ−λ−η2 −1tν+µ+λ−1(1− t)η−1
× xν+µ−1(1− x)λ−1yµ−1(1− y)ν−1e−
m21Q
M2zxt(1−y) e
−
m22Q
M2zxyte
−
m23Q
M2zt(1−x) e
−
m24Q
M2z(1−t) .
(106)
Spectral representation and continuum subtraction for systems containing
four heavy quarks
We again start with the fallowing general form:
Π4 = C(M2)
n+µ+ν+λ+η
2 A(u0)
∫ 4
0
dz
∫ 1
0
dx
∫ 1
0
dy
∫ 1
0
dt zν+µ+λ+η−1(1− z)n−ν−µ−λ−η2 −1
× tν+µ+λ−1(1− t)η−1xν+µ−1(1− x)λ−1yµ−1(1− y)ν−1e−
m21Q
M2zxt(1−y)
× e−
m22Q
M2zxyte
−
m23Q
M2zt(1−x) e
−
m24Q
M2z(1−t) . (107)
where
C = (−i) 2
−nπ2
mν1Qm
µ
2Qm
λ
3Qm
η
4QΓ(
n−ν−µ−λ−η
2 )
. (108)
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As usual, the first step is to expand A(u0) in series, which leads to
Π4 = C
(
M21M
2
2
M21 +M
2
2
)n+µ+ν+λ+η
2 ∑
ak
(
M22
M21 +M
2
2
)k ∫ 4
0
dz
∫ 1
0
dx
∫ 1
0
dy
∫ 1
0
dt zν+µ+λ+η−1
× (1− z)n−ν−µ−λ−η2 −1tν+µ+λ−1(1− t)η−1xν+µ−1(1− x)λ−1
× yµ−1(1− y)ν−1e−
m21Q
M2zxt(1−y) e
−
m22Q
M2zxyt e
−
m23Q
M2zt(1−x) e
−
m24Q
M2z(1−t) . (109)
Now, the new variables, σi =
1
M2i
, are introduced. After some manipulations, we get
Π4 = C
∑
k
ak
(−1)k
Γ(n+µ+ν+λ+η2 + k)
∫ 4
0
dz
∫ 1
0
dx
∫ 1
0
dy
∫ 1
0
dt zν+µ+λ+η−1(1− z)n−ν−µ−λ−η2 −1
× yµ−1(1− y)ν−1tν+µ+λ−1(1− t)η−1xν+µ−1(1− x)λ−1
×
∫ ∞
0
dl l
n+µ+ν+λ+η
2
+k−1
(
(
d
dl
)ke
−(l+
m21Q
zxt(1−y)
+
m22Q
zxyt
+
m23Q
zt(1−x)
+
m24Q
z(1−t)
)σ1
)
× e−(l+
m21Q
zxt(1−y)
+
m22Q
zxyt
+
m23Q
zt(1−x)
+
m24Q
z(1−t)
)σ2 . (110)
The double Borel transformation with respect to σ1 → 1s1 and σ2 → 1s2 are applied. From
similar manner to the previous cases, the spectral density is found as
ρ4(s1, s2) = C
∑
k
ak
(−1)k
Γ(n+µ+ν+λ+η2 + k)
∫ 4
0
dz
∫ 1
0
dx
∫ 1
0
dy
∫ 1
0
dt zν+µ+λ+η−1(1− z)n−ν−µ−λ−η2 −1
× yµ−1(1− y)ν−1tν+µ+λ−1(1− t)η−1xν+µ−1(1− x)λ−1
×
∫ ∞
0
dl l
n+µ+ν+λ+η
2
+k−1
(
(
d
dl
)kδ(s1 − (l +
m21Q
zxt(1− y) +
m22Q
zxyt
+
m23Q
zt(1− x) +
m24Q
z(1− t))
)
× δ
(
s2 − (l +
m21Q
zxt(1− y) +
m22Q
zxyt
+
m23Q
zt(1− x) +
m24Q
z(1 − t))
)
. (111)
Performing the integration over l, finally we obtain the following expression for the double
spectral density:
ρ4(s1, s2) = C
∑
k
ak
(−1)k
Γ(n+µ+ν+λ+η2 + k)
∫ 4
0
dz
∫ 1
0
dx
∫ 1
0
dy
∫ 1
0
dt zν+µ+λ+η−1
× (1− z)n−ν−µ−λ−η2 −1yµ−1(1− y)ν−1tν+µ+λ−1(1− t)η−1xν+µ−1(1− x)λ−1
×
(
s1 −
m21Q
zxt(1− y) −
m22Q
zxyt
− m
2
3Q
zt(1− x) −
m24Q
z(1 − t)
)n+µ+ν+λ+η
2
+k−1
×
(
(
d
ds1
)kδ(s2 − s1)
)
θ
(
s1 −
m21Q
zxt(1− y) −
m22Q
zxyt
− m
2
3Q
zt(1− x) −
m24Q
z(1 − t)
)
.(112)
Using this spectral density, the continuum subtracted correlation function in the Borel
scheme corresponding to the considered term can be written as
Πsub4 (M
2
1 ,M
2
2 ) =
∫ s0
sL
ds1
∫ s0
sL
ds2 ρ(s1, s2)e
−s1/M21 e−s2/M
2
2 , (113)
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where sL = (m1Q+m2Q+m3Q+m4Q)
2. Defining new variables, s1 = 2sv and s2 = 2s(1−v),
we get
Πsub4 (M
2
1 ,M
2
2 ) =
∫ s0
sL
ds
∫ 1
0
dv ρ(s1, s2)(4s)e
−2sv/M21 e−2s(1−v)/M
2
2 . (114)
Using the expression for the spectral density, one can get
Πsub4 (M
2
1 ,M
2
2 ) = C
∑
k
ak
(−1)k
Γ(n+µ+ν+λ+η2 + k)
∫ s0
sL
ds
∫ 1
0
dv
1
2ksk
(
(
d
dv
)kδ(v − 1/2)
)
×
∫ 4
0
dz
∫ 1
0
dx
∫ 1
0
dy
∫ 1
0
dt zν+µ+λ+η−1(1− z)n−ν−µ−λ−η2 −1
× yµ−1(1− y)ν−1tν+µ+λ−1(1− t)η−1xν+µ−1(1− x)λ−1
×
(
2sv − m
2
1Q
zxt(1− y) −
m22Q
zxyt
− m
2
3Q
zt(1− x) −
m24Q
z(1− t)
)n+µ+ν+λ+η
2
+k−1
× θ
(
2sv − m
2
1Q
zxt(1− y) −
m22Q
zxyt
− m
2
3Q
zt(1− x) −
m24Q
z(1 − t)
)
e−2sv/M
2
1 e−2s(1−v)/M
2
2 .
(115)
Integrating over v, finally leads to
Πsub4 (M
2
1 ,M
2
2 ) = (−i)
∑
k
ak
2−nπ2
mν1Qm
µ
2Qm
λ
3Qm
η
4QΓ(
n−ν−µ−λ−η
2 )Γ(
n+µ+ν+λ+η
2 + k)
∫
ds
1
2ksk
×
[
(
d
dv
)k
∫ 4
0
dz θ(2sv − m
2
1Q
zxt(1− y) −
m22Q
zxyt
− m
2
3Q
zt(1− x) −
m24Q
z(1− t))
×
∫ 1
0
dx
∫ 1
0
dy
∫ 1
0
dt zν+µ+λ+η−1(1− z)n−ν−µ−λ−η2 −1
× yµ−1(1− y)ν−1tν+µ+λ−1(1− t)η−1xν+µ−1(1− x)λ−1
×
(
2sv − m
2
1Q
zxt(1− y) −
m22Q
zxyt
− m
2
3Q
zt(1− x) −
m24Q
z(1− t)
)n+µ+ν+λ+η
2
+k−1
× e−2sv/M21 e−2s(1−v)/M22
]
v=1/2
. (116)
2.6 Systems containing five heavy quarks
The required function to be evaluated in this case is
T5 =
∫ 1
0
du
∫
d4xeiP.x
A(u)
(
√−x2)n
× Kν(m1Q
√
−x2)Kµ(m2Q
√
−x2)Kλ(m3Q
√
−x2)Kη(m4Q
√
−x2)Kξ(m5Q
√
−x2),
(117)
21
where miQ, are the masses of heavy quarks. Using the integral representation of the modified
Bessel function, we have
T5 =
Γ(ν + 1/2)Γ(µ + 1/2)Γ(λ + 1/2)Γ(η + 1/2)Γ(ξ + 1/2) 2µ+ν+λ+η+ξ
(π)5/2mν1Qm
µ
2Qm
λ
3Qm
η
4Qm
ξ
5Q
×
∫ ∞
0
dt5
∫ ∞
0
dt4
∫ ∞
0
dt3
∫ ∞
0
dt2
∫ ∞
0
dt1
∫ 1
0
du
∫
d4x eiP.x A(u)
× cos(m1Qt1) cos(m2Qt2) cos(m3Qt3) cos(m4Qt4) cos(m5Qt5)
(t21 − x2)ν+1/2(t22 − x2)µ+1/2(t23 − x2)λ+1/2(t24 − x2)η+1/2(t25 − x2)ξ+1/2(−x2)
n−µ−ν−λ−η−ξ
2
.
(118)
In this step, for further calculations, we again perform a Wick rotation to go the Euclidean
space and use the Schwinger representation. We get
T5 =
(−i)2µ+ν+λ+η+ξ
(π)5/2mν1Qm
µ
2Qm
λ
3Qm
η
4Qm
ξ
5QΓ(
n−µ−ν−λ−η−ξ
2 )
∫ 1
0
du
∫
d4xe−iP.x A(u)
∫ ∞
0
dt5
∫ ∞
0
dt4
∫ ∞
0
dt3
×
∫ ∞
0
dt2
∫ ∞
0
dt1
∫ ∞
0
dy5
∫ ∞
0
dy4
∫ ∞
0
dy3
∫ ∞
0
dy2
∫ ∞
0
dy1
∫ ∞
0
dy0 y
n−µ−ν−λ−η−ξ
2
−1
0 e
−y0x2
× yν−
1
2
1 e
−y1(x2+t21)y
µ− 1
2
2 e
−y2(x2+t22)y
λ− 1
2
3 e
−y3(x2+t23)y
η− 1
2
4 e
−y4(x2+t24)y
ξ− 1
2
5 e
−y5(x2+t25)
× cos(m1Qt1) cos(m2Qt2) cos(m3Qt3) cos(m4Qt4) cos(m5Qt5).
(119)
The next step is to perform the Gaussian integral over x and integrate over ti’s. This
leads to
T5 = (−i) 2
µ+ν+λ+η+ξ−5π2
mν1Qm
µ
2Qm
λ
3Qm
η
4Qm
ξ
5QΓ(
n−µ−ν−λ−η−ξ
2 )
∫ 1
0
du A(u)
∫ ∞
0
dy5
∫ ∞
0
dy4
∫ ∞
0
dy3
×
∫ ∞
0
dy2
∫ ∞
0
dy1
∫ ∞
0
dy0 e
−P2
4(y0+y1+y2+y3+y4+y5) y
n−µ−ν−λ−η−ξ
2
−1
0
× y
ν−1
1 e
−
m21Q
4y1 yµ−12 e
−
m22Q
4y2 yλ−13 e
−
m23Q
4y3 yη−14 e
−
m24Q
4y4 yξ−15 e
−
m25Q
4y5
(y0 + y1 + y2 + y3 + y4 + y5)2
.
(120)
We introduce the variables ρ, v, l, r, h and w, defined by
ρ = y1 + y2 + y3 + y4 + y5, v =
y1
y1 + y2 + y3 + y4 + y5
,
r =
y2
y1 + y2 + y3 + y4
, w =
y3
y1 + y2 + y3 + y4 + y5
,
l =
y4
y1 + y2 + y3 + y4 + y5
, h =
y5
y1 + y2 + y3 + y4 + y5
, (121)
to write the function T5 as
T5 = (−i) 2
µ+ν+λ+η+ξ−5π2
mν1Qm
µ
2Qm
λ
3Qm
η
4Qm
ξ
5QΓ(
n−µ−ν−λ−η−ξ
2 )
∫ 1
0
du A(u)
∫ 1
0
dw
∫ 1
0
dv
∫ 1
0
dr
×
∫ 1
0
dl
∫ 1
0
dh
∫ ∞
0
ρ3dρ e
−P2
4ρ (ρ(1− v − r − l − w − h))n−µ−ν−λ−η−ξ2 −1
× (ρv)ν−1e−
m21Q
4ρv (ρr)µ−1e−
m22Q
4ρr (ρw)λ−1e−
m23Q
4ρw (ρl)η−1e−
m24Q
4ρl (ρh)ξ−1e−
m25Q
4ρh .
(122)
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Now we apply the double Borel transformation and perform the integrals over u and ρ,
BM1BM2T5 = (−i)
2−1−nπ2
mν1Qm
µ
2Qm
λ
3Qm
η
4Qm
ξ
5QΓ(
n−µ−ν−λ−η−ξ
2 )
A(u0)(M
2)
n+µ+ν+λ+η+ξ
2
×
∫ 1
0
dw
∫ 1
0
dv
∫ 1
0
dr
∫ 1
0
dl
∫ 1
0
dh(1− v − r − l −w − h)n−µ−ν−λ−η−ξ2 −1
× vν−1e−
m21Q
M2v rµ−1e−
m22Q
M2r wλ−1e−
m23Q
M2w lη−1e−
m24Q
M2l hξ−1e−
m25Q
M2h e
q2
M2
1
+M2
2 .
(123)
The following new set of variables make the function BM1BM2T easy to process:
v = zxtj(1 − y), r = zxytj, w = ztj(1 − x), l = zj(1 − t), h = z(1− j), (124)
so,we get
BM1BM2T5 = (−i)
2−1−nπ2
mν1Qm
µ
2Qm
λ
3Qm
η
4Qm
ξ
5QΓ(
n−µ−ν−λ−η−ξ
2 )
A(u0)(M
2)
n+µ+ν+λ+η+ξ
2
×
∫ 5
0
dz
∫ 1
0
dx
∫ 1
0
dy
∫ 1
0
dt
∫ 1
0
dl
∫ 1
0
dj zν+µ+λ+η+ξ−1(1− z)n−ν−µ−λ−η−ξ2 −1
× jν+µ+λ+η−1(1− j)ξ−1tν+µ+λ−1(1− t)η−1xν+µ−1(1− x)λ−1yµ−1(1− y)ν−1
× e−
m21Q
M2zxtj(1−y) e
−
m22Q
M2zxytj e
−
m23Q
M2ztj(1−x) e
−
m24Q
M2zj(1−t) e
−
m25Q
M2z(1−j) . (125)
Spectral representation and continuum subtraction for systems containing
five heavy quarks
We take the general term
Π5 = C(M2)
n+µ+ν+λ+η+ξ
2 A(u0)
∫ 5
0
dz
∫ 1
0
dx
∫ 1
0
dy
∫ 1
0
dt
×
∫ 1
0
dj zν+µ+λ+η+ξ−1(1− z)n−ν−µ−λ−η−ξ2 −1
× jν+µ+λ+η−1(1 − j)ξ−1tν+µ+λ−1(1− t)η−1xν+µ−1(1− x)λ−1yµ−1(1− y)ν−1
× e−
m21Q
M2zxtj(1−y) e
−
m22Q
M2zxytj e
−
m23Q
M2ztj(1−x) e
−
m24Q
M2zj(1−t) e
−
m25Q
M2z(1−j) ,
(126)
where
C = (−i) 2
−1−nπ2
mν1Qm
µ
2Qm
λ
3Qm
η
4Qm
ξ
5QΓ(
n−µ−ν−λ−η−ξ
2 )
. (127)
With expanding A(u0), this leads to
23
Π5 = C
∑
k
ak
(−1)k
Γ(n+µ+ν+λ+η+ξ2 + k)
∫ 5
0
dz
∫ 1
0
dx
∫ 1
0
dy
∫ 1
0
dt
×
∫ 1
0
dj zν+µ+λ+η+ξ−1(1− z)n−ν−µ−λ−η−ξ2 −1jν+µ+λ+η−1(1− j)ξ−1
× tν+µ+λ−1(1− t)η−1xν+µ−1(1− x)λ−1yµ−1(1− y)ν−1
×
∫ ∞
0
dl l
n+µ+ν+λ+η+ξ
2
+k−1e
−(l+
m21Q
zxtj(1−y)
+
m22Q
zxytj
+
m23Q
ztj(1−x)
+
m24Q
zj(1−t)
+
m25Q
z(1−j)
)σ2
×
(
(
d
dl
)ke
−(l+
m21Q
zxtj(1−y)
+
m22Q
zxytj
+
m23Q
ztj(1−x)
+
m24Q
zj(1−t)
+
m25Q
z(1−j)
)σ1
)
.
(128)
By applying double Borel transformation with respect to σ1 → 1τ1 and σ2 → 1τ2 , we obtain
B1/τ1B1/τ2Π5 = C
∑
k
ak
(−1)k
Γ(n+µ+ν+λ+η+ξ2 + k)
∫ ∞
0
dl l
n+µ+ν+λ+η+ξ
2
+k−1
×
∫ 5
0
dz
∫ 1
0
dx
∫ 1
0
dy
∫ 1
0
dt
∫ 1
0
dj zν+µ+λ+η+ξ−1(1− z)n−ν−µ−λ−η−ξ2 −1
× jν+µ+λ+η−1(1− j)ξ−1tν+µ+λ−1(1− t)η−1xν+µ−1(1− x)λ−1yµ−1(1− y)ν−1
×
(
(
d
dl
)kδ(τ1 − (l +
m21Q
zxtj(1 − y) +
m22Q
zxytj
+
m23Q
ztj(1− x) +
m24Q
zj(1 − t) +
m25Q
z(1− j) )
)
× δ
(
τ2 − (l +
m21Q
zxtj(1− y) +
m22Q
zxytj
+
m23Q
ztj(1 − x) +
m24Q
zj(1 − t) +
m25Q
z(1− j) )
)
,
(129)
and this leads to the spectral density
ρ5(s1, s2) = C
∑
k
ak
(−1)k
Γ(n+µ+ν+λ+η+ξ2 + k)
∫ ∞
0
dl l
n+µ+ν+λ+η+ξ
2
+k−1
×
∫ 5
0
dz
∫ 1
0
dx
∫ 1
0
dy
∫ 1
0
dt
∫ 1
0
dj zν+µ+λ+η+ξ−1(1− z)n−ν−µ−λ−η−ξ2 −1
× jν+µ+λ+η−1(1− j)ξ−1tν+µ+λ−1(1− t)η−1xν+µ−1(1− x)λ−1yµ−1(1− y)ν−1
×
(
(
d
dl
)kδ(s1 − (l +
m21Q
zxtj(1 − y) +
m22Q
zxytj
+
m23Q
ztj(1 − x) +
m24Q
zj(1 − t) +
m25Q
z(1− j) )
)
× δ
(
s2 − (l +
m21Q
zxtj(1 − y) +
m22Q
zxytj
+
m23Q
ztj(1 − x) +
m24Q
zj(1 − t) +
m25Q
z(1 − j))
)
.
(130)
Performing the integration over l, finally we obtain the following expression for the double
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spectral density:
ρ5(s1, s2) = C
∑
k
ak
(−1)k
Γ(n+µ+ν+λ+η+ξ2 + k)
∫ 5
0
dz
∫ 1
0
dx
∫ 1
0
dy
∫ 1
0
dt
×
∫ 1
0
dj zν+µ+λ+η+ξ−1(1− z)n−ν−µ−λ−η−ξ2 −1
× jν+µ+λ+η−1(1− j)ξ−1tν+µ+λ−1(1− t)η−1xν+µ−1(1− x)λ−1yµ−1(1− y)ν−1
×
(
s1 − (
m21Q
zxtj(1 − y) +
m22Q
zxytj
+
m23Q
ztj(1 − x) +
m24Q
zj(1 − t) +
m25Q
z(1− j) )
)n+µ+ν+λ+η+ξ
2
+k−1
× θ
(
s1 − (
m21Q
zxtj(1 − y) +
m22Q
zxytj
+
m23Q
ztj(1− x) +
m24Q
zj(1 − t) +
m25Q
z(1− j) )
)
×
(
(
d
ds1
)kδ(s2 − s1)
)
. (131)
Using this spectral density, the continuum subtracted correlation function in the Borel
scheme corresponding to the considered term can be written as:
Πsub5 (M
2
1 ,M
2
2 ) =
∫ s0
sL
ds1
∫ s0
sL
ds2 ρ(s1, s2)e
−s1/M21 e−s2/M
2
2 , (132)
where sL = (m1Q + m2Q + m3Q + m4Q + m5Q)
2. Defining new variables, s1 = 2sv and
s2 = 2s(1− v), we get
Πsub5 (M
2
1 ,M
2
2 ) =
∫ s0
sL
ds
∫ 1
0
dv ρ(s1, s2)(4s)e
−2sv/M21 e−2s(1−v)/M
2
2 . (133)
Using the expression for the spectral density, one can get
Πsub5 (M
2
1 ,M
2
2 ) = C
∑
k
ak
(−1)k
Γ(n+µ+ν+λ+η+ξ2 + k)
∫ s0
sL
ds
×
∫ 1
0
dv
1
2ksk
(
(
d
dv
)kδ(v − 1/2)
)
e−2sv/M
2
1 e−2s(1−v)/M
2
2
×
∫ 5
0
dz
∫ 1
0
dx
∫ 1
0
dy
∫ 1
0
dt
∫ 1
0
dj zν+µ+λ+η+ξ−1(1− z)n−ν−µ−λ−η−ξ2 −1
× jν+µ+λ+η−1(1− j)ξ−1tν+µ+λ−1(1− t)η−1xν+µ−1(1− x)λ−1yµ−1(1− y)ν−1
×
(
2sv − ( m
2
1Q
zxtj(1 − y) +
m22Q
zxytj
+
m23Q
ztj(1 − x) +
m24Q
zj(1 − t) +
m25Q
z(1− j) )
)n+µ+ν+λ+η+ξ
2
+k−1
× θ
(
2sv − ( m
2
1Q
zxtj(1 − y) +
m22Q
zxytj
+
m23Q
ztj(1 − x) +
m24Q
zj(1 − t) +
m25Q
z(1− j) )
)
.
(134)
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By integrating over v, finally we obtain
Πsub5 (M
2
1 ,M
2
2 ) =
∑
k
ak
(−i)2−1−nπ2
mν1Qm
µ
2Qm
λ
3Qm
η
4Qm
ξ
5QΓ(
n−µ−ν−λ−η−ξ
2 )Γ(
n+µ+ν+λ+η+ξ
2 + k)
∫ s0
sL
ds
1
2ksk
×
[
(
d
dv
)k
∫ 5
0
dz θ
(
2sv − ( m
2
1Q
zxtj(1 − y) +
m22Q
zxytj
+
m23Q
ztj(1 − x) +
m24Q
zj(1 − t) +
m25Q
z(1− j) )
)
×
∫ 1
0
dx
∫ 1
0
dy
∫ 1
0
dt
∫ 1
0
dj zν+µ+λ+η+ξ−1(1− z)n−ν−µ−λ−η−ξ2 −1
× jν+µ+λ+η−1(1− j)ξ−1tν+µ+λ−1(1− t)η−1xν+µ−1(1− x)λ−1yµ−1(1− y)ν−1
×
(
2sv − ( m
2
1Q
zxtj(1 − y) +
m22Q
zxytj
+
m23Q
ztj(1 − x) +
m24Q
zj(1 − t) +
m25Q
z(1− j) )
)n+µ+ν+λ+η+ξ
2
+k−1
× e−2sv/M21 e−2s(1−v)/M22
]
v=1/2
. (135)
3 Conclusion
We worked out the mathematics required for the calculations of the parameters related to the
spectroscopy as well as the electromagnetic, weak and strong decays of the light and heavy
systems with two-five heavy b or c quarks. In particular, we presented the calculations required
in the Fourier and Borel transformations as well as continuum subtraction of the considered
systems. We showed that by choosing an appropriate representation of the modified Bessel
functions of the second kind and applying successive Borel transformations with the aim of
more suppression of the unwanted contributions, how we can get finite results without any
divergence. Such divergences are appeared for systems of two heavy quarks by choosing a
special integral form of the modified Bessel functions and performing the regular calculations
according to the standard prescriptions of the QCD sum rule approach as done in the Appendix
C of the Ref. [48].
The method presented here greatly simplifies the calculations of the correlation functions
for systems containing more than two heavy quarks. Our results can be used in calcula-
tions of many parameters of the conventional and non-conventional heavy hadrons and their
interactions with other particles using the non-perturbative approaches like QCD sum rules.
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5 Appendix: DAs of pseudoscalar mesons
In this Appendix, we present the matrix elements 〈P(q) |q¯(x)Γq(0)| 0〉 and 〈P(q) |q¯(x)ΓGµνq(0)| 0〉
representing the interactions of the particles under consideration in terms of the wave functions
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of pseudoscalar mesons [49–51]:
〈P(q) |q¯(x)γµγ5q(0)| 0〉 = −ifPqµ
∫ 1
0
dueiu¯qx
(
ϕP(u) +
1
16
m2Px
2
A(u)
)
− i
2
fPm
2
P
xµ
qx
∫ 1
0
dueiu¯qxB(u) ,
〈P(q) |q¯(x)iγ5q(0)| 0〉 = µP
∫ 1
0
dueiu¯qxϕP (u) ,
〈P(q) |q¯(x)σαβγ5q(0)| 0〉 = i
6
µP
(
1− µ˜2P
)
(qαxβ − qβxα)
∫ 1
0
dueiu¯qxϕσ(u) ,
〈P(q) |q¯(x)σµνγ5gsGαβ(vx)q(0)| 0〉 = iµP
[
qαqµ
(
gνβ − 1
qx
(qνxβ + qβxν)
)
− qαqν
(
gµβ − 1
qx
(qµxβ + qβxµ)
)
− qβqµ
(
gνα − 1
qx
(qνxα + qαxν)
)
+ qβqν
(
gµα − 1
qx
(qµxα + qαxµ)
)]
×
∫
Dαei(αq¯+vαg)qxT (αi) ,
〈P(q) |q¯(x)γµγ5gsGαβ(vx)q(0)| 0〉 = qµ(qαxβ − qβxα) 1
qx
fPm
2
P
∫
Dαei(αq¯+vαg)qxA‖(αi)
+
[
qβ
(
gµα − 1
qx
(qµxα + qαxµ)
)
− qα
(
gµβ − 1
qx
(qµxβ + qβxµ)
)]
fPm
2
P
×
∫
Dαei(αq¯+vαg)qxA⊥(αi) ,
〈P(q) |q¯(x)γµigsGαβ(vx)q(0)| 0〉 = qµ(qαxβ − qβxα) 1
qx
fPm
2
P
∫
Dαei(αq¯+vαg)qxV‖(αi)
+
[
qβ
(
gµα − 1
qx
(qµxα + qαxµ)
)
− qα
(
gµβ − 1
qx
(qµxβ + qβxµ)
)]
fPm
2
P
×
∫
Dαei(αq¯+vαg)qxV⊥(αi) . (136)
In Eq. (136) we have,
µP = fP
m2P
mq1 +mq2
, µ˜P =
mq1 +mq2
mP
,
and Dα = dαq¯dαqdαgδ(1 − αq¯ − αq − αg), and and the DA’s ϕP(u), A(u), B(u), ϕP (u),
ϕσ(u), T (αi), A⊥(αi), A‖(αi), V⊥(αi) and V‖(αi) are functions of definite twist whose explicit
expressions can be found in [49–51].
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